A variation on a theme of Vasconcelos  by Smith, Daniel A.
Journal of Algebra 225, 381–390 (2000)
doi:10.1006/jabr.1999.8134, available online at http://www.idealibrary.com on
A Variation on a Theme of Vasconcelos
Daniel A. Smith
Department of Mathematics, Furman University, Greenville, South Carolina 29613
E-mail: dan.smith@furman.edu
Communicated by Craig Huneke
Received March 16, 1999
A classical result of W. Vasconcelos (1967, J. Algebra 6, 309–316) and D. Ferrand
(1967, C. R. Acad. Sci. Paris 264, 427–428) provides necessary and sufficient condi-
tions for an ideal to be generated by a regular sequence. In this paper, we provide
generally more accessible conditions guaranteeing this property, as well as some ex-
amples indicating that our hypotheses cannot be significantly weakened. The key
step in our development is the use of lifting, as presented by M. Auslander, et al.
(1993, J. Algebra 156, 273–317). © 2000 Academic Press
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INTRODUCTION
A well-known result, obtained by both Vasconcelos [13] and Ferrand [4],
states that an ideal I in a Noetherian local ring R is generated by a regular
sequence if and only if pdR I < ∞ and I/I2 is R/I-free. Some years af-
ter proving this, Vasconcelos conjectured (C1 in [15]) that this equivalence
still holds if the assumption that I/I2 is free is relaxed to the requirement
that I/I2 merely have finite projective dimension over R/I. He and others
(see [8]) have provided proofs for this when pdR I = 1, when pdR/I I/I2 = 1,
and when I is an almost complete intersection, among other cases. When
R is a polynomial ring over a field k and S = R/I is reduced, Vasconcelos
also conjectured (C2 in [15]) that pdS S/k <∞ if and only if pdS S/k ≤ 1
(perhaps under additional constraints on I or k). Considering the conormal
sequence
I/I2 d−→ R/k ⊗R S −→ S/k −→ 0;
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if conditions exist which force d to be injective, then clearly pdS S/k <∞
if and only if pdS I/I
2 < ∞, and likewise pdS S/k ≤ 1 if and only if I/I2
is projective. Since d is injective when k is perfect and I is generated by
a regular sequence (see [3, Exercise 17.12]), a strong relationship between
the conjectures C1 and C2 is apparent. Further discussion of these topics
may be found in [8].
Recently, Avramov and Herzog [2] have resolved both of these conjec-
tures in the graded case. Specifically, they have shown that if R is a poly-
nomial ring over a field k of characteristic zero, I is a homogeneous ideal,
and again S = R/I, then I is generated by a regular sequence if and only
if pdS I/I
2 <∞, thus proving C1 in this setting. Moreover, the equivalence
still holds if we replace I/I2 with I/I2/tI/I2, where tI/I2 denotes
the torsion submodule. As for C2, they demonstrate that the following are
equivalent:
(1) I is a radical ideal, and is generated by a regular sequence.
(2) pdS S/k ≤ 1.
(3) pdS S/k <∞.
Results in the non-graded case, however, have been significantly more
specialized, the examples in [15, 8] mentioned above being representative.
Ferrand [4] also notes that if R is an essentially finite-type regular algebra
over a field k of characteristic zero and I is a radical ideal, then I is gener-
ated by a regular sequence if and only if pdS S/k ≤ 1. Vasconcelos provides
a similar result in [14], and each of these follows by a careful inspection of
the conormal sequence.
In this paper, we also consider the non-graded case, but instead focus
our attention on removing the assumption that pdR I < ∞. In particular,
we will do without the provision of a regular ring, used by Avramov and
Herzog and by Ferrand. Specifically, we will establish the following:
Main Theorem. Let R be an excellent local normal domain and let I be
an ideal such that
∗
8><>:
i R/I is S2 and reduced,
ii I is generated by a regular sequence when localized at primes
P containing I such that htR/I P/I ≤ 1, and
iii I/I2 is R/I-free.
Then, I is generated by a regular sequence.
Recall, writing I as the irredundant intersection of primes P1 ∩ · · · ∩ Pn,
that I2 is defined as α ∈ I  sα ∈ I2 for some s ∈ R −SPi. Thus, like
Avramov and Herzog, we remove the torsion from I/I2 before we assume
it to be free. This particular improvement, however, is not entirely new,
even in the non-graded case. In [14], Vasconcelos noted that the proof of
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his original theorem in [13] also yields the following generalization: If R
is a local Noetherian ring and I is an ideal of finite projective dimension
such that I/I2 ∼= R/Ir ⊕ T , with T 6= 0, then I contains a regular se-
quence of length r + 1. In particular, for a radical ideal I, our condition
(iii) above, along with the assumption pdR I < ∞, would guarantee that I
is generated by a regular sequence. Thus, the real contribution of our pa-
per is the removal of the assumption pdR I < ∞. Notably, the price we
pay for this omission is to add condition (ii) to the statement of our theo-
rem. As noted in [5], however, this addition appears necessary to avoid the
following situation.
Example. Let k be a field and let R = kX;Y;Z/Z2 −XY . Denot-
ing the images of X, Y , and Z by x, y, and z, respectively, set I = x; z.
Then, R is a complete local normal domain, and I is a prime ideal such
that R/I ∼= kY  is regular. Furthermore, it is evident that I/I2 ∼= R/I.
Since R is normal, IRI is generated by a regular sequence, but I itself is
not since ht I = 1 < 2 = µI, the minimal number of generators of I.
We remark that our result also generalizes one of Griffith [5], who proves
that if R is an excellent local normal domain and P is a height 1 prime ideal
such that R/P is normal, P/P2 ∼= R/P , and P is principal when localized
at primes of height 2, then P is principal. This, in turn, is used by Griffith
to improve a theorem of Huneke [9, Proposition 2.3].
MAIN RESULTS
Throughout this paper, all rings are assumed to be commutative, Noethe-
rian, and unitary, and all modules are assumed to be finitely generated. Fur-
thermore, conditions (i)–(iii) of our main theorem will always be referred
to as ∗. If information regarding terminology or notation beyond what
is provided here is required, either the text of Matsumura [11] or Eisen-
bud [3] will serve as an adequate reference in most cases. For the properties
of excellent rings though, Grothendieck [7] and especially the recent paper
by Rotthaus [12] are more thorough sources.
We note the following facts, which will be used frequently: For an ideal I
and a prime ideal P containing I, we always have I2RP = IRP2. However,
for a radical ideal I, we usually only have I2RP ⊂ IRP2. But, if IRP is
generated by a regular sequence, then IRP2 = I2RP = I2RP .
The proof of our theorem also makes use of lifting, as presented in [1],
together with a more precise elimination of the obstructions to lifting cyclic
modules. We recall that, given a ring homomorphism R −→ S and an S-
module M , an R-module L is called a lifting of M to R provided M ∼=
S ⊗R L and TorRi S;L = 0 for all i > 0. In the fundamental case when
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S = R = R/xR for a regular element x, L lifts M to R if and only if there
is an exact sequence
0 −→ L x−→ L −→M −→ 0:
Moreover, if x ∈ radR and R is x-adically complete, an R-module M will
lift to R if and only if there exists a sequence of modules L1 ∼= M , L2,
L3; : : : such that, for each n ≥ 1, Ln+1 lifts Ln to R/xn+1R. Given the first
n terms L1 ∼=M , L2; : : : ; Ln of such a sequence, let
0 −→ K −→ F −→ Ln −→ 0
be exact with F free over R. Using the fact that Ln lifts M to R/xnR,
tensoring this with R produces the exact sequence
0 −→M ∂−→ K/xK −→ F/xF −→M −→ 0:
From here, the obstruction to continuing the construction of our sequence
L1, L2; : : : ; Ln may be simply stated: Ln lifts to R/xn+1R if and only if ∂ is a
split monomorphism, that is, if and only if the above twofold exact sequence
corresponds to zero in Ext2
R¯
M;M ∼= Ext1R¯cok ∂;M. For a more detailed
account of these and other facts on lifting, one should consult [1, especially
Theorem 1.2 and Proposition 4.5].
Given that we will eventually require a monomorphism to split, the utility
of our first lemma is clear.
Lemma 1. Let R be a ring and I an ideal in R satisfying the conditions ∗.
If the image of x ∈ I is a free generator in I/I2, then
Ext1R/II/xR+ I2; R/I = 0:
Proof. From the exact sequence






xR+ I2 −→ 0
we obtain the exact sequence
Ext1R/I
 I












I/xR + I2; R/I = 0 by the hypothesis on I/I2
and our choice of x. Furthermore, for a prime ideal P containing I
such that htP/I ≤ 1, IRP is generated by a regular sequence, and
it follows that xR + I2RP = xR + I2RP . Then, since R/I is S2,
xR+ I2/xR+ I2 is annihilated by a regular sequence in R/I of length
2, which implies that Ext1R/IxR + I2/xR + I2; R/I = 0. Therefore,
Ext1R/I
(
I/xR+ I2; R/I = 0 by exactness.
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We now demonstrate that the hypotheses of our main theorem are suf-
ficient to guarantee that one may lift the module R/I, thus providing an
inductive step for our main proof. Along with the preceding lemma, we
also rely on the fact that R/I clearly lifts when I is generated by a regular
sequence.
Theorem 2. Let R be a domain and I an ideal in radR satisfying the
conditions ∗, and such that R is I-adically complete. If the image of x ∈ I
is a free generator in I/I2, then R/I lifts from R = R/xR to R.
Proof. We assume that, for some n ≥ 1, we have lifted R/I to an R/xnR-
module, which must be of the form R/Jn for some ideal Jn. Tensoring
0 −→ Jn −→ R −→ R/Jn −→ 0
with R produces the exact sequence
0 −→ R/I ∂−→ Jn/xJn −→ R −→ R/I −→ 0;
and from this we obtain the commutative diagram
0 −→ R/I ∂−→ Jn/xJn −→ I/xR −→ 0ww ?y ?y
R/I
e∂−→ Jn/IJn −→ I/xR+ I2 −→ 0 :
Using the previous lemma, to show ∂ splits, it suffices to show that e∂ is
injective. Since, in particular, R/I is S1, it is enough to show e∂ is injective
when we localize at minimal prime divisors of I. That is, we may assume
I is generated by a regular sequence. By the fact that I = xR + Jn and
our choice of x as a free generator, we may write the sequence which
generates I as x; y1; : : : ; ym, with each yi ∈ Jn. Using the fact that R/Jn
lifts R/I to R/xnR, one may check that Jn is generated by the regular
sequence xn; y1; : : : ; ym, and hence R/Jn lifts from R/xnR to R. In other
words, tensoring
0 −→ Jn −→ R −→ R/Jn −→ 0
with R/xnR yields the exact sequence
0 −→ R/Jn δ−→ Jn/xnJn −→ R/xnR −→ R/Jn −→ 0;
with δ a split monomorphism. But careful checking reveals that δ maps
1 + Jn to xn + xnJn and ∂ maps 1 + I to xn + xJn. So, δ induces ∂, and
hence inducese∂. Therefore,e∂ is a (split) monomorphism in this case, which
completes the proof.
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We will first prove our main theorem for the case that R is I-adically
complete, and for this we require two lemmas. No doubt the first is well
known, but, for the sake of completeness, we offer a proof. In each lemma,
we consider a ring A and a regular element t, and we use “ ” to indicate
images under the map A −→ A/tA.
Lemma 3. Let A be a ring and t ∈ A a regular element such that A =
A/tA is S2. Then A is S2 as well.
Proof. We let P be a prime ideal in A of height ≥ 2, the case htP = 1
being similar. If t ∈ P , then depthAP = depthAP¯ + 1 ≥ 2. If t /∈ P , let Q
be a minimal prime divisor of tA+ P/tA in A such that httA+ P/tA =
htQ. Then httA+ PA/tA = htQ− 1 ≥ htP ≥ 2: Since A is S2, the ideal
tA+ PA/tA contains a regular sequence of length 2, and hence we obtain
a regular sequence t; p1; p2 in A with p1; p2 ∈ P . It follows that p1; p2 is
a regular sequence in P , and thus A is S2.
Lemma 4. Let A be a ring and let t ∈ A be a regular element such that
A = A/tA is S2. Let M be a torsionless A-module such that M/tM splits
over A as T ⊕ F , where F = F/tF for a free A-module F . If TP¯ = 0 for all
prime ideals P in A of height ≤ 1, then T = 0.
Notation. We use  · ∗ to represent HomA · ;A,  · ∗ to represent
HomA¯ · ;A, and  · ∗∗ to represent HomA¯
( · ∗;A .
Proof. Applying HomAM; ·  to the sequence
† 0 −→ A t−→ A pi−→ A −→ 0;
we obtain the left exact sequence
‡ 0 −→M∗ t−→M∗ pi∗−→M ∗;
and we let L = impi∗ and N = cokpi∗. If P is a prime ideal in A of height
≤ 1, then by hypothesis MP lifts T ⊕ FP¯ = FP¯ to AP , and it follows that
MP ∼= FP is AP -free. In this case, ‡ becomes right exact as well, and
hence NP¯ = 0. Since A is S2, it follows that N is annihilated by a regular
sequence of length 2 in A. Therefore, from 0 −→ L −→M ∗ −→ N −→ 0,
we obtain the exact sequence
0 = N∗ −→M ∗∗ −→ L∗ −→ Ext1
A¯
N;A  = 0:
Since the resulting isomorphism is actually induced by the inclusion L ⊆
M
∗
, we may safely state M
∗∗ = L∗. Furthermore, from 0 −→ M∗ t−→
M∗ pi∗−→ L −→ 0, we obtain the left exact sequence
0 −→ L∗ pi∗∗−→M∗ ∗ t=0−→M∗ ∗;
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giving L
∗ =M∗ ∗. Combining these, we apply HomAM∗; ·  to † to obtain
the left exact sequence
0 −→M∗∗ t−→M∗∗ pi∗−→ HomAM∗;A =M∗
∗ = L∗ =M ∗∗:
Finally, we note that M
∗∗ = F ∗∗ = F . Thus, letting ϕx M −→ M∗∗ denote
the canonical map, we have procured the following commutative diagram
with exact rows.
0 −→ M t−→ M −→ M/tM = T ⊕ F −→ 0?yϕ ?yϕ ?yθ
0 −→ M∗∗ t−→ M∗∗ −→ F −→ 0 :
Careful checking reveals that θ is precisely the natural projection onto F
and hence ker θ = T . But, by Nakayama’s lemma, cokϕ = 0, and, since M
is torsionless, kerϕ = 0. Therefore, θ is an isomorphism, which gives T = 0
as desired.
Remark. A version of the preceeding lemma for the case when M is
torsion free appears in [10, Proposition 2.2].
To prove our result for the case when R is I-adically complete, having
just demonstrated that R/I lifts in this setting, all that remains is to show
that the conditions ∗ are preserved under lifting, thus allowing us to lift
again, and so on.
Theorem 5. Let R be a catenary domain and I an ideal contained in
radR, satisfying the conditions ∗, and such that R is I-adically complete.
Then I is generated by a regular sequence.
Proof. Choosing an x ∈ I whose image in I/I2 is a free generator, we
employ Theorem 2 to conclude that R/I lifts from R = R/xR to R. It is
routine to check that this lifting must be of the form R/J, where J is a
radical ideal such that I = xR+ J. Thus, since x is regular on R/J, it now
suffices to show that J is generated by a regular sequence. To this end, it
suffices to show that J inherits the properties ∗, since we may then repeat
lifting with J in place of I, and so on. Since ht J = ht I − 1, this process will
eventually terminate at the zero ideal.
Since R/J is S2 by Lemma 3, and we have noted that R/J is reduced,
we first show that J satisfies condition (ii). Writing I and J as irredundant
intersections of primes P1 ∩ · · · ∩ Ps and Q1 ∩ · · · ∩ Qt , respectively, we
have AssR/I = P1; : : : ; Ps and AssR/J = Q1; : : : ;Qt. Thus, each Qj
is contained in some Pi, and this containment is proper since x ∈ Pi −Qj .
We note that PiRPi = IRPi is generated by a regular sequence of length
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= htPi. But, the length of this sequence must also be equal to the rank of
I/I2. Thus, each Pi has the same height, namely, ht I, and it follows that
ht J ≤ htQj ≤ htPi − 1 = ht I − 1 = ht J:
Therefore, ht J = htQj for each j. Now, let Q be a prime ideal containing
J such that htQ/J ≤ 1. Since R is catenary, taking P/Q to be a minimal
prime divisor of the coset x + Q, we have I ⊂ P and htP/I ≤ 1, so that
IRP is generated by a regular sequence. To show that JRQ is generated by
a regular sequence, we show that JRP is.
Since R/J lifts R/I, we have the following commutative diagram with
natural maps.
0 −→ J −→ R −→ R/J −→ 0?y ?y ?y
0 −→ I/xR −→ R −→ R/I −→ 0 :
Tensoring this diagram with R yields J/xJ = I/xR in R. If we localize at
P , then I is generated by a regular sequence which begins with x. Thus, in
this case, J/xJ is generated by a regular sequence in R, say y¯1; : : : ; y¯n with
each yi ∈ J. Then, by Nakayama’s lemma, J is generated by the regular
sequence y1; : : : ; yn. Therefore, J satisfies condition (ii), and it remains to
show (iii) holds.
By the above, for each minimal prime divisor Pi of I, JRPi is generated
by a regular sequence and thus J2RPi = J2RPi . Therefore,
















and hence xJ + J2 ⊂ xR+ I2. Furthermore, it is routine to verify that x






xR+ I2 −→ 0 §
is exact, except possibly at the middle term. However, localizing at any
prime ideal P containing I such that htP/I ≤ 1, IRP is generated by a reg-








which is more easily seen to be exact. Thus, we have a surjection from
J/xJ + J2 onto the free R/I-module I/xR + I2 which is an iso-
morphism at each such prime P . Therefore, we may apply Lemma 4 with
A = R/J and M = J/J2 to conclude that § is exact, and hence J/J2 lifts
I/xR+ I2 to R/J. Since I/xR+ I2 is R/I-free, it follows that J/J2
is R/J-free, and thus condition (iii) holds for J. This proves our claim.
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Our main theorem now easily follows from the I-adically complete case,
simply by passing from R to its I-adic completion bR, and showing that all
the necessary properties are preserved.
Main Theorem. Let R be an excellent local normal domain and let I be
an ideal such that
∗
8><>:
i R/I is S2 and reduced,
ii I is generated by a regular sequence when localized at primes
P containing I such that htR/I P/I ≤ 1, and
iii I/I2 is R/I-free.
Then, I is generated by a regular sequence.
Proof. Letting bR denote the completion of R with respect to I, it fol-
lows that I is generated by a regular sequence if and only if IbR is, for
R −→ bR is faithfully flat. Thus, it suffices to show that the hypotheses of
Theorem 5 apply to IbR and bR. The hypotheses on R guarantee that, in
particular, bR is a catenary local domain (see [12, Theorem 1.11]), and it is
clear that condition (i) of ∗ holds since bR/IbR = R/I is S2 and reduced.
Second, IbR/IbR2 = IbR/I2bR = I/I2 ⊗ bR is free over bR/IbR = R/I ⊗ bR,
so condition (iii) is also satisfied. To see that condition (ii) also holds, let P
be a prime ideal of bR containing IbR such that htP/IbR ≤ 1. Then, — = P ∩R
is a prime ideal containing I such that ht —/I ≤ 1, and so IR— is generated
by a regular sequence. This same sequence will generate IbRP , and must be
regular since R −→ R— and bR— −→ bRP are flat. Therefore, condition (ii)
holds, which completes the proof.
FURTHER GENERALIZATIONS
We conclude by considering the following situation. Let B ⊂ A be a mod-
ule finite extension of complete local normal domains which is unramified
at primes of height ≤ 1 in A. Let R = BX1; : : : ;Xn, where n is chosen
large enough so that there is a surjection R −→ A with kernel I. Then, of
course, R/I = A is a normal domain, so condition (i) of our main theorem
holds. Furthermore, if P is a prime ideal containing I with htP/I ≤ 1, then
htP ∩ B ≤ 1 and BP∩B is regular, which implies RP is regular. Since AP/I
is regular, it follows that IRP is generated by a regular sequence. Therefore,
condition (ii) of our theorem also holds. As we shall soon see, however, it is
not generally true that I/I2 is R/I-free in this setting. But, we claim that
the dual module I/I2∗ = HomAI/I2;A = HomAI/I2;A is free.
This can be seen by considering the conormal sequence
0 −→ ker d −→ I/I2 d−→ R/B ⊗R A −→ A/B −→ 0:
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Since neither SuppAker d nor SuppA A/B contains prime ideals of height
≤ 1 and A is normal, it follows that d induces an isomorphism I/I2∗ ∼=
R/B ⊗R A∗. In [6], Griffith provides a family of examples which, after lo-
calizing and completing, match this setting. In fact, the extensions there are
unramified at all non-maximal prime ideals. However, in these examples,
the ring B is Cohen–Macaulay while A is not, and thus I is not generated
by a regular sequence. Therefore, in returning to our opening discussion
of how the condition on I/I2 might be weakened, we see that one cannot
move very far away from the assumption that it is free.
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